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Abstract 

The black noise of two-dimensional percolation, disclosed recently 
by O. Schramm, S. Smirnov and C. Garban, exceeds the limits of the 
existing framework based on one-dimensional intervals. A remake of 
the theory of noises, provided here, treats them as Boolean algebras 
of (T-fields. Completeness of the Boolean algebra implies classicality, 
which answers an old question of J. Feldman. 
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Introduction 

The product of two measure spaces, widely known among mathematicians, 
leads to the tensor product of the corresponding Hilbert spaces L2. The less 
widely known product of an infinite sequence of probability spaces leads to 
the so-called infinite tensor product space. A continuous product of prob- 
ability spaces, used in the theory of noises, leads to a continuous tensor 
product of Hilbert spaces, used in noncommutative dynamics. Remarkable 
parallelism and fruitful interrelations between the two theories of continuous 
products, commutative (probability) and noncommutative (operator alge- 
bras) are noted [IH], [IE], [H]. 

The classical theory, developed in the 20 century, deals with indepen- 
dent increments (Levy processes) in the commutative case, and quasi-free 
representations of canonical commutation relations (Fock spaces) in the non- 
commutative case. These classical continuous products are well-understood, 
except for one condition of classicality, whose sufficiency was conjectured by 
H. Araki and E.J. Woods in 1996 p. 210] in the noncommutative case 
(still open), and by J. Feldman in 1971 [SI Problem 1.9] in the commutative 
case (now proved). 
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Araki and Woods note [H p. 161-162] that lattices of von Neumann al- 
gebras occur in quantum field theory and quantum statistical mechanics; 
these algebras correspond to domains in space-time or space; in most inter- 
esting cases they fail to be a Boolean algebra of type I factors. As a first 
step towards understanding of such structures, Araki and Woods investigate 
"factorizations" , — complete Boolean algebras of type I factors, — leaving 
aside their relation to the domains in space(-time), and conjecture that all 
such factorizations contain sufficiently many factorizable vectors. 

Feldman defines "factored probability spaces" that are in fact complete 
Boolean algebras of sub-a-fields (corresponding to Borel subsets of a param- 
eter space, which does not really matter), investigates them assuming suffi- 
ciently many "decomposable processes" (basically the same as factorizable 
vectors) and asks, whether this assumption holds always, or not. 

In both cases the authors failed to prove that the completeness of the 
Boolean algebra implies classicality (via sufficiently many factorizable vec- 
tors). 

In both cases the authors did not find any nonclassical factorizations, 
and did not formulate an appropriate framework for these. This challenge 
in the noncommutative case was met in 1987 by R.T. Powers fi2\ ("type III 
product system"), and in the commutative case in 1998 by A.M. Vershik and 
myself [19] ("black noise"). In both cases the framework was, an incomplete 
Boolean algebra indexed by one- dimensional intervals and their finite unions. 
More interesting nonclassical noises were found soon (see the survey |18]). 
but the first highly important example is given recently by O. Schramm, 
S. Smirnov and C. Garban ^13], — the noise of percolation, a conformally 
invariant black noise over the plane. 

Being indexed by planar domains (whose needed regularity depends on 
some properties of the noise), such a noise exceeds the limits of the existing 
framework based on one-dimensional intervals. Abandoning the intervals, 
it is natural to return to the Boolean algebras, leaving aside (once again!) 
their relations to planar (or more general) domains; this time, however, the 
Boolean algebra is generally incomplete. 

The present article provides a remake of the theory of noises, treated here 
as Boolean algebras of a-fields. Completeness of the Boolean algebra implies 
classicality, which answers the question of Feldman. 

The noncommutative case is still waiting for a similar treatment. 
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1 Main results 



la Definitions 

Let {Q,J^,P) be a probability space; that is, f2 is a set, J-" a a-field (in 
other words, cr-algebra) of its subsets (throughout, every a- field is assumed 
to contain all null sets), and P a probability measure on (fi, J-"). We assume 
that L2{^1, J^, P) is separable. The set A of all sub-a-fields of J-" is partially 
ordered (by inclusion: x <y means x G y for x,y ^ A), and is a lattice: 

xAy = xr\y, x\/y = a{x,y) foTX,yEA; 

here <j{x,y) is the least a-field containing both x and y. (See |1] for ba- 
sics about lattices and Boolean algebras.) The greatest element 1a of A is 
J-"; the smallest element Oa is the trivial a-field (only null sets and their 
complements). 

A subset i? C A is called a sublattice ifxAy,x\/yEB for all x,y E B. 
The sublattice is called distributive if a; A (y V z) = {x A y) \/ {x A z) for all 
x,y,z e B. 

Let 5 C A be a distributive sublattice, Oa G -B, 1a ^ -B- An element 
X of S is called complemented (in 5), if x A ?/ = Oa, x V |/ = 1a for some 
(necessarily unique) y E B; in this case one says that y is the complement of 
X, and writes y = x' . 

lal Definition. A noise-type Boolean algebra is a distributive sublattice 
B G A such that Oa E B, 1\ E B, all elements of B are complemented 
(in B), and for every x E B the a- fields x,x' are independent (that is, 
P{X n r) = P{X)P{Y) for aWX ex,Y Ey). 

From now on 5 C A is a noise-type Boolean algebra. 

Ia2 Definition. The first chaos space H^^\B) is a (closed linear) subspace 
of the Hilbert space H = L2(fi, J-", P) consisting of all f E H such that 

f = E{f\x) +E{f\x') foiallxEB. 

Here E(-|x) is the conditional expectation, that is, the orthogonal pro- 
jection onto the subspace of all x-measurable elements of H. 

Ia3 Definition, (a) B is called classical if the first chaos space generates 
the whole a-field J-". 

(b) B is called black if the first chaos space contains only (but Oa 7^ 1a)- 
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The lattice A is complete, that is, every subset X C A has infimum and 
supremum: 



A noise-type Boolean algebra B is called complete if 

(inf X) e B and (sup X) e B for every X C B . 

lb The simplest nonclassical example 

Let Q = { — 1, 1}°° (all infinite sequences of ±1) with the product measure 
where /i({ — 1}) = /i({l}) = 1/2. The coordinate projections ^„ : ^ — ^ 
{ — 1,1}, ^n(si, S2, . . . ) = Sn, treated as random variables, are independent 
random signs. The products ^1^2, ^2^3, ^3^4, • • • are also independent random 
signs. 

We introduce a-fields 

Xn = cr{^n,^n+i, ■ ■ ■) and i/n = <j{^n^n+i) fom = 1, 2, . . . 



The independent cx-fields ...,?/„, are atoms of a finite noise-type 
Boolean algebra Bn (containing 2""*"^ elements), and Bn C -Bn+i- The union 

B = BiU B2U . . . 

is an infinite noise-type Boolean algebra. Its first chaos space H^^\B) = 
H^^\Bi) n H^^\B2) n . . . consists of linear combinations 



for all Ci, C2, • ■ ■ G M such that c\ + C2 + ■ ■ ■ < 00. It is not {0}, which shows 
that B is not black. On the other hand, all elements of H^^\B) are invariant 
under the measure preserving transformation (si, S2, . • . ) (— Si, —S2, ■ ■ 
therefore a{H^^\B)) is not the whole 1a, which shows that B is not classical. 

This example goes back to an unpublished dissertation of A. Vershik 
(1973). According to [7i p. 291] it is a paradigmatic example, well-known 
in ergodic theory, independently discovered by several authors. See also [20l 
Sect. 4.12], [m Sect. lb]. 




Then 



1a = a;i > X2 > . . . ; 



yi,...,yn, Xn+i are independent ; 



+ C266 + C36^4 + • • • 
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Ic On Feldman's question 

Icl Theorem. If a noise-type Boolean algebra is complete then it is classical. 

Ic2 Theorem. The following conditions on a noise-type Boolean algebra B 
are equivalent: 

(a) B is classical; 

(b) there exists a complete noise-type Boolean algebra B such that B C 

B; 

(c) (sup„ Xn) V (inf„ x^) = 1a for all Xn & B such that xi < X2 < ■ ■ ■ 
Id On completion 

Bad news: a noise-type Boolean algebra cannot be extended to a complete 
one unless it is classical. (See Theorem Ilc2[ True, every Boolean algebra 
admits a completion P Sect. 21], but not within A.) 

Good news: an appropriate notion of completion exists and is described 
below (Definition Ild3|) . 

The lower limit 

lim inf Xn = sup inf Xn+k 

n ^ k 

is well-defined for arbitrary xi, X2, ■ ■ ■ G A. (The upper limit is defined simi- 
larly. ) 

Idl Theorem. Let B he a noise-type Boolean algebra and 
C\{B) = { liminf Xn '■ Xi,X2, ■ ■ ■ & B\ 

n 

(the set of lower limits of all sequences of elements of B). Then 

(a) (inf„x„) G Cl(-B) whenever Xi,X2, ■ ■ ■ G C\{B); 

(b) (sup„a;„) G C\{B) whenever xi, X2, ■ ■ ■ G C\{B), Xi < X2 < . . . 

Thus, we add to B limits of all monotone sequences, iterate this operation 
until stabilization, and get Cl{B), call it the closure of B. (It is not a noise- 
type Boolean algebra, unless B is classical.) 

Id2 Theorem. Let B and Cl{B) be as in Theorem I Idlj and 

C = {x e C\{B) : 3y G C\{B) x A y = Oa, x y y = 1a} 

(the set of all complemented elements of Cl{B)). Then 

(a) C is a noise-type Boolean algebra such that B C C C Cl(-B); 

(b) C contains every noise-type Boolean algebra Ci satisfying B d Ci C 
C\{B). 
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Ids Definition. The noise-type Boolean algebra C of Theorem Ild2l is called 
the noise-type completion of a noise-type Boolean algebra B. 

If two noise-type Boolean algebras have the same closure then clearly 
they have the same completion. 

Id4 Proposition. If two noise-type Boolean algebras have the same closure 
then they have the same first chaos space. 

Thus, if Cl(i?i) = Cl(-B2) then classicality of Bi is equivalent to classical- 
ity of B2, and blackness of Bi is equivalent to blackness of B2. 

Id5 Question. It follows from Theorem lldll that the following conditions 
are equivalent: C\{B) is a lattice; Cl{B) is a complete lattice; x V ?/ G Cl{B) 
for all x,y & Cl{B). These conditions are satisfied by every classical B. Are 
they satisfied by some nonclassical BI By all nonclassical B7 

le On sufficient subalgebras and black noises 

Let B, Bq be noise-type Boolean algebras such that Bq C B. Clearly, 
Cl(5o) C 01(5) and H^^\Bq) D HW(B). We say that 

• Bo is dense in B if C\{Bo) = Cl(5), 

• Bq is sufficient in B if H^^^Bq) = H^^\B). 

If Bq is sufficient in B then clearly, classicality of Bq is equivalent to 
classicality of B, and blackness of Bq is equivalent to blackness of B. 

A dense subalgebra is sufficient by Prop. Ild4[ Surprisingly, a non-dense 
subalgebra can be sufficient. 

lei Definition. A noise-type Boolean algebra B is atomless, if 

inf X = Oa 

x&F 

for every ultrafilter F G B. 

See also [HI Def. 1.6]. Recall that a set F C -B is called a filter if for all 
x,y e B 

X E F , X < y =^ y E F , 
x,y E F =^ xAyEF, 

a filter F is called ultrafilter if it is a maximal filter; equivalently, if 

\/xe B {x ^ F ^ x' e F) . 
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Ie2 Theorem. If a noise-type subalgebra is atomless then it is sufficient. 

Every noise over M (as defined in [L8^ Dei. 3dl]) leads to an atomless 
noise-type Boolean algebra (see 3d5]). The noise of percolation is a 
black noise over R^; restricting it to two-dimensional domains of the form 
(a, 6) X M we get a noise over M, black by Theorem Ile2[ In this case domains 
of the form M x (a, b) give the same due to isotropy of the noise. In other 
cases, however, different directions may give nonisomorphic noises over M, 
and so. Theorem Ile2l may be used for transferring blackness (or classicality) 
from one direction to all others. In particular, it applies to the Brownian 
web, see [IHl Sect. 7f] and 0. 

2 Preliminaries 

This section is a collection of useful facts (mostly folk-lore, I guess) more 
general than noise-type Boolean algebras. 

Throughout, the probability space {Q,J^,P), the complete lattice A of 
sub-cr- fields and the separable Hilbert space H = L2{^1, J^, P) are as in 
Sect.[Tal Complex numbers are not used; H is a Hilbert space over R. A "sub- 
space" of H always means a closed linear subset. Recall also Oa, 1a, xAy, x\/y 
for X,?/ e A, the notion of independent cx-fields, operators E( - Ix) of condi- 
tional expectation, and inf X, supX e A for X C A (Sect. fTa|) . 

2a Type L2 subspaces 

2al Fact. ([HI Th. 3]) The following two conditions on a subspace Hi of H 
are equivalent: 

(a) there exists a sub-a-field x E A such that Hi = L2{x), the space of 
all x-measurable functions of H; 

(b) Hi is a sublattice of H, containing constants. That is. Hi contains 
/ V 5( and / A 5( for all f,g e Hi, where (/ V g){uj) = max{f{uj),g{uj)) and 
(/ /\9)i^) = ^^^{f{^)i9{^))j ^-iid Hi contains the one- dimensional space of 
constant functions. 

Hint to the proof that (b) ^ (a): ]l(o,oo)(/) = lim„((0 Vn/) A l) G ifi 
for f eHi. ' □ 

Such subspaces Hi will be called type L2 (sub) spaces. (In [14J they are 
called measurable, which can be confusing.) 

Due to linearity of Hi the condition fVg, fAg G Hi boils down to |/| G i^i 
for all / G Hi. (Hint: / V (7 = / + (O V ((7 - /)), and V / = 0.5(/ + |/|).) 
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2a2 Fact. If A C Loo(f2, J-", P) is a subalgebra containing constants then the 
closure of A in if is a type L2 space. 

("Subalgebra" means fg & A for all f,g & A, in addition to linearity.) 

Hint: approximating the absolute value by polynomials we get |/| G Hi 
(the closure of A) for / G A, and by continuity, for / G ifi. □ 

2a3 Notation. We denote the type L2 space L2{x) corresponding to x G A 
by Hx, and the orthogonal projection E(-|x) by Qx- In particular, Hq = 
{cl : c G M} is the one-dimensional subspace of constant functions on Q, and 
Qq/ = (E/)]l = (/, 11)1. Also, Hi = H, and Qi = I is the identity operator. 

Thus, 



(2a4) HxGH; : H ^ H ; Q^H = H^ for x G A ; 

(2a5) ifa; C Hy <^=^ < <^=^ X <y; 

(2a6) Qi^Qj^ = Qx = QyQx whenever x < y; 

(2a7) if^ = Hy Q^. = Qy X = y ; 

(2a8) -ffxAi/ = Hx n Hy ; 



fl2a6l) and fl2a7l) follow from fl2a5p : fl2a8p is a special case of I2a9[ 
2a9 Fact. H,^tx = Oxex Hx for X C A. 

Hint: measurability w.r.t. the intersection of cr-fields is equivalent to 
measurability w.r.t. each one of these cr-fields. □ 

However, H^vy is generally much larger than the closure of Hx + Hy. 

2al0 Fact. Hxyy is the subspace spanned by pointwise products fg for 
f eHxCi L^{n, 7, P) and g e Hy f] L^{n, 7, P). 

Hint: linear combinations of these products are an algebra; by I2a2l its 
closure is H^ for some z G A; note that z > x, z > but also z <x\J y. □ 

2all Fact. Let x^xi^x^^ ■ ■ ■ G A, xi < X2 < . . . and x = sup„a;„. Then Hx 
is the closure of Hx^ U Hx^ U . . . 

Hint: bv I2all the closure of Un-^^n is Hz for some z G A; note that 
z > Xn for all n, but also z < x. □ 

That is, 

(2al2) Xntx =^ Hx^tHx-, 

(2al3) Xnlx =^ Hx„ i Hx 

(the latter holds bv[2a9D. 
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2b Strong operator convergence 

Let if be a Hilbert space and A, Ai, A2, ■ ■ ■ : H H operators (linear, 
bounded). Strong operator convergence of An to A is defined by 

{An ^A) ^ {y^peH \\An^ - A^PW > 0) . 

We write just An — )■ A, since we do not need other types of convergence for 
operators. 

2bl Fact, ([ni 2.2.11]) An ^ A if and only if \\Antp - Ai/j\\ ^ for a dense 
set of vectors ip and sup„ ||v4„,|| < 00. 

2b2 Fact. {[10, Problem 93]; ^111 4.6.1]) li An ^ A and Bn ^ B then 
AnBn AB. 

2b3 Fact. If An ^ A, Bn ^ B and AnBn = BnAn for all n, then AB = BA. 

Hint: useEbl □ 

The following fact allows us to write An^A (or An i A) unambiguously. 
We need it only for commuting orthogonal projections. 

2b4 Fact. ([21 43.1]) Let A, Ai, A2, ■ ■ ■ : H H be Hermitian operators, 
Ai< A2< then 

A = sup An An ^ A. 

n 

The natural bijective correspondence between subspaces of H and orthog- 
onal projections H ^ H is order preserving, therefore 

(2b5) Hn J, H^o < ^ Qn Qoo ) also, Hn t Hoo ^ ^ Qn T Qoo 

whenever Hi, H2, . . . , H^c C H are subspaces and Qi, Q2, ■ ■ ■ , Qoo ■ H ^ H 
the corresponding orthogonal projections. 
In combination with fl2al2p . f l2al3p it gives 

(2b6) Xn ix implies Q^„ I Qn, ; also, a;„ t x implies t Qx ■ 

Let Hi, H2 be Hilbert spaces, and H = Hi ® H2 their tensor product. 

2b7 Fact. Let A,Ai,A2,--- : Hi Hi, B,Bi,B2,--- : H2 H2. If 
An^ A and Bn B then An® Bn^ A^ B. 

Hint: the operators are uniformly bounded, and converge on a dense 
set. □ 
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2c Independence and tensor products 

2cl Fact. If x,y G A are independent then H^vy = ® Hy up to the 
natural unitary equivalence: 

H^®Hy3f®g i — > fg e H^yy . 

Hint: by the independence, {figi, /2fi'2) = E (/ifl'i/2fl'2) = E (/i/2)IE igig2) 
= {fi, f2){gi,g2) = {fi^gi, /2®5'2), thus, H^®Hy is isometrically embedded 
into Hx\jy] by I2al0l the embedding is "onto". □ 

It may be puzzling that Hx is both a subspace of H and a tensor factor 
of H (which never happens in the general theory of Hilbert spaces). Here 
is an explanation. All spaces contain the one-dimensional space Hq of 
constant functions (on Multiplying an x-measurable function / G 
by the constant function g G H^i, g{-) = 1, we get the (puzzling) equahty 

f®g = f- 

2c2 Notation. For m, x G A such that u < x we denote by Qu^ the restric- 
tion of Qu to Hrc- 

Thus, 

Q(f ) : i/, -> i/,. , Q^:^H, = H^ foTU<x. 

2c3 Fact. If x,y E A are independent, u < x, v < y then, treating H^yy as 
Hx® Hy, we have 

Hint: by I2cll Hu\jv = Hu ® H^, and this factorization may be treated 
as embedded into the factorization if^vj/ = ® Hy] the projection onto 
Hu ® H^ d Hx ® Hy factorizes. □ 

In a more probabilistic language, 

¥.{fg\uyv) =¥.{f\u)¥.{g\v) for / G L^ix), g G L^iy) . 

Here is a very general fact (no a-fields, no tensor products, just Hilbert 
spaces). 

2c4 Fact, ([ini Problem 96], [21 Exercise 45.4]) Let QuQ2 be orthogonal 
projections in a Hilbert space H. Then {Q1Q2Y converges strongly (as n — )■ 
00) to the orthogonal projection onto {QiH) fl {Q2H). 

2c5 Fact. {QxQyY ~^ QxAy strongly (as n — )• 00) whenever x,y E A. 

Hint: {QxH) n {QyH) = QxAyH by fl2i8|) : useS □ 
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2c6 Fact. {QuiQu2Y ~^ Q^u}hu2 strongly (as n — ?■ oo) whenever mi,M2 < x. 

Hint: similar to I2c5[ □ 
2c7 Fact. If X, ?/ G A are independent, Ui,U2 < x and Vi,V2 < y then 
{ui V A {u2 V t;2) = (mi A Ua) V A V2) . 

Hint: By[2c5l {Q^w^ BylMl {QSqST ^ 

QuiAU2 ^^(^ iQvi Qv2 )" Qv\/\V2- Byl2c3[ Qui\/viQu2yv2 ~ {Qui ){Qu2 ® 

Qv2 ) = (Qmi Qm2 ) ® (Q''! Q«'2 ) and <5(miAu2)V(diA'U2) ~ QuiAu2 ® QviAv2'i nse 

dMD. □ 

Remark. In a distributive lattice the equality stated by I2c7l is easy to 
check (assuming x A y = instead of independence). However, the lattice A 
is not distributive. 

Useful special cases of I2c7l (assuming that x,y are independent, u < x 
and V <y)\ 

(2c8) (■uVf)Ax = M, {uWv)Ay = v; 

(2c9) {u\/ y) A {xy v) = uy V . 

Here is another very general fact (no a-fields, no tensor products, just 
random variables). 

2cl0 Fact. Let X, Xi, X2, . . . and Y, Yi, 1^2? • ■ • are random variables (on a 
given probability space), and for every n the two random variables X„, Yn are 
independent; if X„ X, Yn Y in probability then X, Y are independent. 

Hint: if /, (? : M — )■ M are bounded continuous functions then E (/(X„)) — )■ 
E(/(X)), EigiYn)) ^ E{g{Y)), E (/(X„))E ((^(rO) = E (/(X„)(?(F„)) -> 
E UXX)giY)), thus, E (/(X)^(r)) = E (/(X))E {g{Y)). □ 

The same holds for vector-valued random variables. 



2d Measure class spaces and commutative von Neu- 
mann algebras 

See [5], [15] or [3] for basics about von Neumann algebras; we need only the 
commutative case. 

2dl Fact. (0 Sect. 1.7.3], ^ Th. 1.22], [Hi E4.7.2]) Every commutative 
von Neumann algebra A of operators on a separable Hilbert space H is 
isomorphic to the algebra Loo{S, E, fj,) on some measure space {S, S, /x). 
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Here and henceforth all measures are positive, finite and such that the cor- 
responding L2 spaces are separable. The isomorphism a : A ^ Loo{S, 
preserves linear operations, multiplication and norm. Hermitian operators of 
A correspond to real- valued functions of L^o] we restrict ourselves to these 
and observe an order isomorphism: 

(2d2) A<B a{A)<a{B); A = supA„ a{A) = snp a {A^) . 

n n 

2d3 Fact. ([5, Sect. 1.4.3, Corollary 1], % Sect. 46, Prop. 46.6 and Exer- 
cise 1]) Every isomorphism of von Neumann algebras preserves the strong 
operator convergence (of sequences, not nets). 

The measure /i may be replaced with any equivalent (that is, mutually ab- 
solutely continuous) measure /ii. Thus we may turn to a measure class space 
(see [21 Sect. 14.4]) (S", S,A^) where is an equivalence class of measures, 
and write Loo{S, S, A^); we have an isomorphism 

(2d4) a: A^ L^{S,J:,M) 

of von Neumann algebras. (See [2|, 14.4] for the Hilbert space L2{S,H, Ai) 
on which Loo{S, T,,Ai) acts by multiphcation.) 

2d5 Fact. Let A and a be as in (]2d4l) . A, Ai, A2, ■ ■ ■ E A, sup„ || < 00. 
Then the following two conditions are equivalent: 

(a) An ^ A in the strong operator topology; 

(b) a{An) a{A) in measure. 

Hint: {A^ ^ A strongly) (a(A„) a{A) strongly) (||a(A„)/- 
Q;(y4)/]|2 — >■ for every bounded /) <^==^ {a{An) — )■ a{A) in measure). □ 

Let Si C S be a sub-cr- field. Restrictions of measures fi E 
are mutually equivalent; denoting their equivalence class by A1|ei we get a 
measure class space (S*, Si, A^|eJ. Clearly, Loo(5', Si, A^lsJ C Loo{S,T,, JH) 
or, in shorter notation, Loo(Si) C Loo(S); this is also a von Neumann algebra. 

2d6 Fact. Every von Neumann subalgebra of Loo(S) is Loo(Si) for some 
sub-(j-field Si C S. 

Hint: similar to I2a2[ □ 

We have Loo(Si) = a{Ai) where Ai = «"HLoo(Si)) C A is a von Neu- 
mann algebra. And conversely, if ^1 C ^ is a von Neumann algebra then 
a{Ai) = Loo(Si) for some sub-a-field Si C S. 

Given two von Neumann algebras Ai,A2 C A, we denote by Ai V A2 
the von Neumann algebra generated by Ai,A2- Similarly, for two a-fields 
Si, S2 C S we denote by Si V S2 the cx-field generated by Si, S2. 
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2d7 Fact. Loo(Si) V 1^(1:2) = ^oo(Si V S2). 

Hint: By [2d6l L^{T,i) V Lool^s) = ^00(^3) for some S3; note that 
S3 D Si, S3 D S2, but also S3 C Si V S2. □ 

2d8 Fact. If a{Ai) = Loo(Si) and 0(^2) = ^00(^2) then a{Ai V A2) = 
Loo(Si VS2). 

Hint: a{Ai V ^2) = V a{A2), since a is an isomorphism; use 

[2d7l □ 

2d9 Definition. Let (S", S, A^) be a measure class space. Two sub-cr-fields 
Si, S2 C S are Ai -independent, if they are /^-independent for some fi E A4, 
that is, fi{X n = for all X e Si, F e S2. 

2dl0 Fact. If (T-fields Si,S2 C S are independent then Loo(Si V S2) = 
-^>oo(Si) ® Loo(S2) up to the natural isomorphism: 

Loo(Si) ® Loo(S2) 3 f ®g ^ fg e Loo(Si V S2) . 

Hint: recall I2cl[ □ 

The product (5, S,A^) = (S'i,Si,A^i) x (5'2,S2,A^2) of two measure 
class spaces is a measure class space |21 14.4]; namely, (5, S) = (5*1, Si) x 
(S'2, S2), and M. is the equivalence class containing /ii x /i2 for some (therefore 
all) jjii G Ml, /i2 e M2. In this case Loo(5', S,A^) = Loo(5'i, Si, A^i) ® 

L^{S2,T.2,M2). 

Given two commutative von Neumann algebras A\ on and A2 on 
H2, their tensor product A = Ai® A2 'i^ a. von Neumann algebra on if = 
Hi ® H2. Given isomorphisms ai : ^1 — t- Loo(5'i, Si, A^i) and a2 : A2 ^ 
Loo(>S'2, S2, A^2), we get an isomorphism a = ai® a2 : A ^ Loo{S,T,, A4), 
where (5, S,A^) = (S'i,Si,A^i) x (5*2, S2, A^2); namely, a{Ai®A2)^ = 
ai{Ai) ® a2{A2) for Ai^e A, A f A2. Note that a{Ai ® I) = L^jT^i) 
and a{I ® A2) = Loo(S2), where Si = {Ai x S2 : Ai E Si} and S2 = 
{S'l X A2 : A2 G S2} are A^-independent sub-cr-fields of S, and Si V S2 = S. 

2dll Fact. For every isomorphism a : Ai ® A2 ^ -^2(5', S, A^) there exist 
Al-independent Si,S2 C S such that a{Ai ® I) = Loo(Si), a{I ® A2) = 
Loo(S2), and Si V S2 = S. 

Hint: we get Si,S2 from [2d6l Si V S2 = S by I2d7t for proving inde- 
pendence we choose fii G Ali, fi2 ^ -^2, take isomorphisms ai : ^1 — i- 
Loo('S'i, S']^, A^i), a2 : A2 ^ -^oo('S'2, S2, A^2) and use the isomorphism (3 = 
{ai®a2)a-' : L^{S, S, M) ^ L^{iSi, S;, Mi) x (^2, S^, Al2)) for defining 
//GAlby / /d/i = / (/3/) d(/ii x /i2); then Si, S2 are /^-independent. □ 
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Given an isomorphism a : A ^ L^dS, S, A^) of von Neumann algebras, 
we have subspaces H{E), for G S, of the space H on which acts A: 

H{E) = a~\lE)H CH; 
H{E,nE2) = H{E,)nH{E2), 
^ ' H{E, W E2) = H{E,) © H{E2) , 

H{E, U E2) = H{E^) + H{E2) 

(the third hne differs from the fourth hne by assuming that E2 are disjoint 
and concluding that H{Ei),H{E2) are orthogonal). By fl2d2|) . fl2b5D 



E„ t implies t H{E) , 

^ ^ En IE implies H{E„) i H{E) . 

2e Boolean algebras 

Every finite Boolean algebra b has 2" elements, where n is the number of 
the atoms ai, . . . , a„ of b; these atoms satisfy A a; = 0^ for k I, and 
Oi V ■ ■ ■ V a„ = Ifo. All elements of 6 are of the form 

(2el) V ■ ■ ■ V ajj. , 1 < ii < ■ ■ ■ < ik < n . 

We denote by Atoms (6) the set of all atoms of b, and rewrite fl2ell) as 

(2e2) Va; G 6 x = \/ a. 

a€Atoms(6),a<a; 

2e3 Fact. Let 5 be a Boolean algebra, 61, 62 C i? two finite Boolean subalge- 
bras, and b G B the Boolean subalgebra generated by 61, 62- Then b is finite. 
If ai G Atoms(6i), 02 G Atoms(62) and ai Aa2 7^ 0^ then ai Aa2 G Atoms(6), 
and all atoms of b are of this form. 

Hint: these Oi A 02 are the atoms of some finite Boolean subalgebra 63; 
note that 61 C 63 and &2 C 63, but also b^ C b. □ 

2e4 Fact. The following four conditions on a Boolean algebra B are equiv- 
alent: 

sup Xn exists for all zi, X2, ■ ■ ■ G -B ; 

n 

inf Xn exists for all Xi, X2, ■ ■ ■ E B ; 

n 

sup Xn exists for all xi, X2, - ■ ■ E B satisfying xi < X2 < ■ ■ ■ ] 

n 

inf Xn exists for all xi, X2, ■ ■ ■ G -B satisfying xi > X2 > . . . . 
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Hint: first, inf^x^ = (sup^x^)'; second, sup„a;„ = sup„(xi V ■ ■ ■ V Xn). 



A Boolean algebra B satisfying these equivalent conditions is called a -com- 
plete (in other words, a Boolean a-algebra). 

2e5 Fact. Sect. 14, Lemma 1]) The following two conditions on a Boolean 
algebra B are equivalent: 

(a) no uncountable subset X G B satisfies x A y = Ob for all x,y E B 
("the countable chain condition"); 

(b) every subset X of B has a countable subset Y such that X and Y 
have the same set of upper bounds. 

2e6 Fact. (|9l Sect. 14, Corollary]) If a a-complete Boolean algebra satisfies 
the countable chain condition then it is complete. 



2f Measurable functions and equivalence classes 

Let {S, S, /i) be a measure space, fi{S) < oo. As usual, we often treat equiva- 
lence classes of measurable functions on S as just measurable functions, which 
is harmless as long as only countably many equivalence classes are consid- 
ered simultaneously. Otherwise, dealing with uncountable sets of equivalence 
classes, we must be cautious. 

All equivalence classes of measurable functions S — )■ [0, 1] are a com- 
plete lattice. Let Z be some set of such classes. If Z is countable then its 
supremum, sup Z, may be treated naively (as the pointwise supremum of 
functions). For an uncountable Z we have sup Z = supZo for some count- 
able Zq C Z. In particular, the equality holds whenever Zo is dense in Z 
according to the Li metric. 

The same holds for functions 5* — > {0, 1} or, equivalently, measurable 
sets. Functions 5* — > [0, oo] are also a complete lattice, since [0, oo] can be 
transformed into [0, 1] by an increasing bijection. 

In the context of fl25T2|l . fl2dT3|) we have 



for an arbitrary (not just countable) family of equivalence classes Ei of mea- 
surable sets. Similarly, 



□ 




□ 



(2fl) 




(2f2) 




16 



the closure of the sum of all H{Ei). 

2f3 Fact. For every increasing sequence of measurable functions /„ : S* — )■ 
[0, oo) there exist rii < n2 < . . . such that almost every s e 5* satisfies one 
of two incompatible conditions: 

either lim/„(s) < oo , 

n 

or /nfe(s) > k for all k large enough 
(here "A; large enough" means k > kQ^s)). 
Hint: take Uk such that 

y^u({s : frik < k}n{s : lim/„(s) = oo}) < oo . □ 

k 

All said above holds also for a measure class space {S, S, JH) (see Sect. [2d|) 
in place of the measure space (5, S, /i). 

3 Convergence of cr-fields and independence 

Throughout this section {Q, T , P),K,H and Qx are as in Sect. [2j 
3a Definition of the convergence 

The strong operator topology on the projection operators Qx induces a topol- 
ogy on A; we call it the strong operator topology on A. It is metrizable (since 
the strong operator topology is metrizable on operators of norm < 1, see (Sj 
Sect. 8, Exercise 1]). Thus, for x,Xi,X2, ■ ■ ■ G A, 

X means ^feH \\Qx,J - QxfW ^ . 

On the other hand we have the monotone convergence derived from the 
partial order on A: 

Xn i X means xi > X2 > ■ ■ ■ and inf x„ = x , 

n 

Xn'\ X means xi < X2 < ■ ■ ■ and sup x„ = x . 

n 

By EMI 

(Sal) Xn i X implies x„ — )■ a; ; also, x„ t ^ implies a;„ — )■ a; . 
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3b Commuting cr-fields 

3bl Definition. Elements x,y & A are commuting, if QxQy = QyQx- A 
subset of A is commutative, if its elements are pairwise commuting. 

By (I2aSD, 

(3b2) every linearly ordered subset of A is commutative. 

By[2b3l 

(3b3) if Xn — )■ X, Un — )■ y and x„, ?/„ are commuting for all ra, 

then x, y are commuting. 

In particular, 

(3b4) the closure of a commutative set is commutative. 

It follows from I2c5| or just fl2a8p . that 

(3b5) if X, ?/ G A are commuting then QxQy = Qxhy ■ 

Recall liminf„x„ for x„ G A defined in Sect. [Tel 

3b6 Lemma. If Xn G A are pairwise commuting and x„ — )■ x then 
liminffcX„^ = x for some rii < n2 < . . . 

Proof. The commuting projection operators Qx^ generate a commuta- 
tive von Neumann algebra; by I2dll this algebra is isomorphic to the algebra 
Loo on some measure space (of finite measure). Denoting the isomorphism 
by a we have = = (indicators of some measurable 

sets En,E). Using fl3b5|l we get 

for all m, n; the same holds for more than two indices. 

The strong convergence of operators Qx„ — ^ Qx implies by I2d5l conver- 
gence in measure of indicators, 1e„ ^e- We choose a subsequence conver- 
gent almost everywhere, ll^;^^ — )■ 1e, then liminffc ^e^^. = ^e, that is, 

sup inf 1e = 1e ■ 

k * 

We have a{Qx„^Ax„^^^A-Ax„^^^) = ]li?„,ni?„,+,n-n£;„,+, , therefore (for i oo), 
a(Qinf,x„,^,) = infil£;„^^^, and further (for k oo), a(Qsup,inf,x„,^,) = 
supfcinfj ]li?„^^_. We get a(QiiminffcX„J = liminffc 1e„^^ = ^e = a{Qx), there- 
fore liminffcXnj, = x. □ 
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3b7 Proposition. Assume that a set i? C A is commutative, and x Ay G B 
for all x,y E B. Then the set 

C\{B) = { liminf x„ : Xi, 0:2, ■ ■ ■ G B\ 

n 

(lower limits of all sequences of elements of B) is equal to the topological 
closure of B. 

Proof. On one hand, if then X G Cl{B) by I3b6[ On the other 

hand, liminf = sup„inffcX„+fc belongs to the topological closure bv I3al[ 

□ 

3b8 Proposition. Let Xn,yn,x,y G A, x„ x, yn ^ y, and for each n 
(separately), yn commute. Then Xn A yn ^ x A y. 

Proof. By (I3b3]), Q^Qy = QyQ^. By dSbS]), Q^Ay = QxQy Similarly, 
Qx„hy„ = Qxr^Qy^- Using 12b2J we get Qx^Ay^ QxAy, that is, Xn Ayn 
X Ay. □ 

3c Independent cr-fields 

3cl Proposition. The following two conditions on a;,?/ G A are equivalent: 

(a) x,y are independent; 

(b) X, y are commuting, and x A ?/ = Oa- 

Proof, (a) =^ (b): independence of x,y implies E(/|?/) = E / for all 
/ G L2{x), that is, Qyf = (/, 11)1 for / G H^, and therefore QyQx = Qo = 
QxQy] use fl3b5p . 

(b) ^ (a): by (I3b5|, Q,Q,. = Qo = Q.Q,; thus Qyf = (/,]1)]1 for 
/ G and therefore P{AnB) = {1a,1b) = (]1a,Q,]1b) = {QytA,^B) = 
{1a, ]1) (]1, lis) = P(A)P(S) for all A ex, B Ey. □ 

It may happen that xAy = but x,?/ are not commuting. (In particular, 
it may happen that x, y are independent w.r.t. some measure equivalent to 
P, but not w.r.t. P.) 

3c2 Corollary. If x„ — )■ x, ?/„ — )■ ?/, and x„, ?/„ are independent for each n 
(separately), then x,y are independent. 

Proof. By l3clt x„, y„ are commuting, and x„ Ai/„ = Oa- By lSbSj x, ?/ are 
commuting. By I3b8t x Ay = 0\. By I3cll (again), x, y are independent. □ 
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3d Product cr-fields 

For every x G A the triple {Q,x,P\x) is also a probability space, and it 
may be used similarly to {Q,J^,P), giving the complete lattice A{fl,x, P\x), 
endowed with the topology, etc. This lattice is naturally embedded into A, 

A{n,x,P\x) = {yeA:y<x}. 

The lattice operations (A, V), defined on A(f2, x, P\x), do not differ from these 
induced from A (which is evident); also the topology, defined on A{Q, x, P\x), 
does not differ from the topology induced from A (which follows easily from 
the equality Qy = Q^y^Qx for y < x; see I2c2 | f or Q^^). Thus it is correct to 
define A^, as a lattice and topological space|l| by 

A(n, X, P\x) = Ax = {y e A:y <x} C A. 

Given x,y E A, the product set A^^ x A^ carries the product topology 
and the product partial order, and is again a lattice (see [H Sect. 2.15] for 
the product of two lattices), moreover, a complete lattice (see [H Exercise 
2.26(ii)]). 

On the other hand, for independent x,y E A we introduce 

Ax,y = {uV V : u < x,v < y} C A^vy ■ 

Generally, A^^y is only a small part of A^vy] indeed, a sub-a-field on the 
product of two probability spaces is generally not a product of two sub- 
cr-fields. This fact is a manifestation of nondistributivity of the lattice A; the 
equality 

{x A z)W {y A z) = {xV y) A z 
fails whenever z G A^-vj^ \ A^^y. 

3dl Lemma. Every element of A^. ^ is commuting with x (and y). 

Proof. Bv I2c3t treating -ff^vy as ® Hy we have Quw = Qu'^ ® 
whenever u < x, v < y. Also, Qx = Qx"^ ® Qo'^- By fl3b2p . Qu'^ and Q^x'' are 
commuting; the same holds for Q^^ and QI^^ ■ Therefore Quwv and Qx are 
commuting. □ 

3d2 Theorem. If x,y G A are independent then Ax^y is a closed subset of 
A, the maps 

Ax y. Ay 3 {u, v) u y V E Ax^y , 
Ax,y 3 z {x A z,y A z) e Ax X Ay 

^Not "topological lattice" , since the lattice operations are generally not continuous. 
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are mutually inverse bijections, and each of them is both an isomorphism of 
lattices and a homeomorphism of topological spaces. 

Proof. The composition map A^, x — )■ A^. ^ — A^. x A^^ is the identity 
by f l2c8l) . Taking into account that the map A^,. x A^^ — Kx,y is surjective we 
get mutually inverse bijections. 

The map A^. x Ay — )■ K^^y preserves lattice operations: "A" by I2c7l and 
"V" trivially. It is a bijective homomorphism, therefore, isomorphism of 
lattices. 

Let M, Ml, ^2, ■ ■ ■ ^ ^x, Un — M, and f , f i , f 2 , ■ ■ • G Ky, Vn — )• V. Then 
Q^:l -> Q1"^ and Qi^j ^ Q^^\ By [Ml Q^l ® QI'J ® QI'^ By [Ml 

Qu„vd„ Quvv, that is, Un y Vn ^ u y V. The map A^^ x Aj, — )► A^j^j^ is thus 
continuous. 

Let Zi, Z2, - ■ ■ G A^^y, Zn z E A. By I3dll and I3b8l x A z^ x A z. 
Similarly, y A z^ ^ y A z. In particular, taking z G A^.^^ we see that the 
map kx^y — )■ Aa; X Ay is continuous. In general (for z G A) we get z„ = 
(x A z„) V (?/ A z„) {x Az)\J {y Az), therefore z = (x A 2;) V (?/ A 2) G A^^^^; 
we see that k^^y is closed. □ 

It follows that 

(3d3) k^^y = {z E k: z= [x Az)\J {y Az)) . 

3d4 Remark. By Theorem I3d2[ any relation between elements of k^^y ex- 
pressed in terms of lattice operations (and limits) is equivalent to the con- 
junction of two similar relations "restricted" to x and y. For example, the 
relation 

{zx V Z'2) A 2:3 = V 2:5 
between 2:1, ^2, -23, -24, -^5 G k^^y splits in two; first, 

((x A Zi) V (x A Z2)) A (x A Zs) = (x A 2:4) V (x A z^ , 

and second, a similar relation with y in place of x. 

4 Noise-type completion 

Throughout sections [IHH 5 C A is a noise-type Boolean algebra (as defined 
bv llaip : A, H and Qx are as in Sect. [21 



21 



4a The closure; proving Theorem lldl 



By separability of H and \2e6\ 

(4al) B satisfies the countable chain condition; 

(4a2) B is complete if and only if it is a-complete. 

Recall that every x E B has its complement x' E B\ 

x A x' = Oa , X V x' = 1a ; X, x' are independent. 

(The complement in B is unique, however, many other independent comple- 
ments may exist in A.) 

By distributivity of B, y = {x Ay) \/ (x' A y) for all x,y E B; by (I3d3p . 

(4a3) B C Ax^x' for every x E B . 

ByEdH 

(4a4) i? is a commutative subset of A . 

Recall Cl(-B) introduced in Theorem lldll bv I3b71 
(4a5) 

the topological closure of B is C\{B) = { liminf x„ : Xi, X2, ■ ■ ■ G i?| . 

Taking into account that A^^x' is closed by Theorem I3d2l we get from fl4a3p 
(4a6) C\{B) C Ax,x' for every x e B . 

By dHH) and fl3b4ll . 

(4a7) Cl(i?) is a commutative subset of A . 

By[3b8l 

(4a8) xAye C\{B) for all x,y E C\{B) . 

By fl3b5|l . 

(4a9) QxQy = QxAy for all x,y e C\{B) . 

Proof of Theorem lldll If x„ e C\{B) and x„ t x then x„ x by 
fl3all) . therefore x G Cl(-B), which proves Item (b) of the theorem. 

If x„ G C\{B) and x = inf„ x„ then Xi A ■ ■ ■ A x„ = G Cl(-B) by fl4a8p 
and yn i x, thus x by fl3aip (again) and x G 01(5), which proves Item 
(a) of the theorem. □ 
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ByEcDand dHH), for x,y e 01(5), 
(4alO) a; A y = Oa if and only if x, y are independent. 

By[3b8]and fHaTj) . for x,Xn,y,yn e Cl(5), 

(4all) if Xn ^ X, yn ^ y then x„ A ?/„ x A ?/ . 

4al2 Remark. In contrast, Xn\/yn need not converge to xVy, even if x„ G 5, 
Xn i Oa, 2/n = a;^; it may happen that ?/„ t I/5 2/ 7^ 1a- "The phenomenon 
. . . tripped up even Kolmogorov and Wiener" [201 Sect. 4.12]. This situation 
appears already in the (simplest nonclassical) example given in Sect. [Tbl 
there, x„ = a(C„, . . . ) I Oa, but < = cr(^i^2, 66, • • • , t 

^T(ei6,6e3,...)^iA- 

On the other hand, if x„ G -B, x„ — )• 1a then necessarily x'„ — > Oa (but we 
do not need this fact). 

By Theorem I3d2l for every z E B the map x x A z is a lattice homo- 
morphism — )■ A^, thus, {x\/ y) A z = {x A z) \/ {y Az) for all x,y E A^^z'] 
in particular, it holds for all x,y E Cl(-B) by fl4a6p . If x V y = 1a then 
z = {x A z) y {y A z). If in addition x A y = Oa then x, y are independent 
by flinojl . and z G A^,y by fl3d3l) . Thus, B C A^,y. By Theorem [3d2] A^., is 
closed, and we conclude. 

4al3 Proposition. If x, y G 01(5), xAy = Oa, xVy = U then 01(5) C A^^^j^. 

4al4 Corollary. For every x G 01(5) there exists at most one y G 01(5) 
such that X Ay = Oa and x V ?/ = 1a. 

Proof. Assume that yi,y2 G 01(5), x A = Oa and x V = 1a for 
= 1, 2. By I4al3[ ?/2 e A^,yi, that is, ?/2 = (a; A ^2) V {yi A ^2) = Z/i A ?/2- 
Similarly, = ?/2 A yi. □ 



4b The completion; proving Theorem Ild2 

Let 5 and 01(5) be as in Sect. HaJ and 

C = {xE 01(5) : 3y G 01(5) x A y = Oa, x V y = U} 
as in Theorem Ild2j clearly, 
(4bl) BcC C 01(5) . 
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Taking I4al4l into account, we extend the complement operation, x ^ x\ 
from B to C: 

x' G C for X G C ; (x')' = x ; 
X A x' = Oa ; X V x' = 1a . 

By fl4alOp . x, x' are independent; and bv I4al3[ 

(4b2) Vx G C Cl(fi) C A^,^' . 

4b3 Lemma. For every x G C the map 

G\{B) 3 y ^ xy y e K 

is continuous. 

Proof. Let ?/„, y G Cl(-B), ?/„ — )■ we have to prove that x\Jyn x\J y. 
By fl4alip . x' A x' A y. Applying Theorem [3d2] to (x, x' A ?/„) G A^. x A^/ 
we get xV(x'A?/„) — )■ xV(x'A?/). It remains to prove that xV(x'Ay„) = x\Jyn 
and x\J [x! f\y) = xM y. We prove the latter; the former is similar. Note that 
y G Cl(-B) C hx,x' by fl4b2p . The lattice isomorphism K^^^i — A^ x A^/ of 
Theorem [3d2] maps x into (x, 0) and y into {xAy, x'Ay); therefore it maps x\/y 
into (xV(xA?/), OV(x'A?/)) = (x, x' Ay), which implies xV(x' Ay) = xVy. □ 

4b4 Lemma. 

WxeC yye C\{B) xWye C\{B) . 

Proof. Bv I4b3l it is sufficient to consider y E B. Applying I4b3l (again) 
to y G -B C C we see that the map Cl{B) 3z^y\/zEKis continuous. 
This map sends B into 5, therefore it sends x G C C Cl(-B) into C\{B). □ 

4b5 Lemma. For all x,y E C, 

X y y E C and (x V y)' = x' Ay' . 

Proof. ByHMl x V y G C\{B). By (giHD, x' A G Cl{B). We have to 
prove that (x V y) A (x' A y') = 0\ and (x V y) V (x' A y') = 1a. We do it using 

First, x,y,x',y' eC G C\{B) C A-^y. 

Second, we consider z = (x V y) A (x' A y') and "restrict" it first to x: 
X A 2 = (x V (x A y)) A (Oa A (x A y')) = Oa, and second, to x': x' A z = 
(Oa V (x' A y)) A x' A (x' Ay') < y A y' = Oa- We get ^ = Oa, that is, 
(x V y) A (x' A y') = Oa- 

Third, we consider z = (x V y) V (x' A y') and get xA2; = xV(xAy)V(xA 
x' Ay') = X and x' Az = (x' A x) V (x' A y) V (x' A x' A y') = (x' A y) V (x' A y') = 
x'A(yVy') = x'. Therefore 2; = xVx' = 1a, that is, (xVy)V(x' Ay') = 1a. □ 
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In addition, x Ay = {x' \/ y')' G C for all x,y E C, thus (7 is a sublattice 
of A. The lattice C is distributive, that is, x A (y V z) = {x A y) \/ {x A z) 
for all x,y,z G C, since C C A^^^^,/ by fl4bl|) . ( I4b2|) . and the map A^^x' 9 
y^-^xAy^Axisa lattice homomorphism by Theorem I3d2[ Also, Oa G C, 
1a G C, and each x G C has a complement x' in C. By fl4bl|) and fl4alOp . x, x' 
are independent for every x G C. Thus, C is a noise-type Boolean algebra 
satisfying (14bip . which proves Item (a) of Theorem Ild2[ 

If C\ is also a noise-type Boolean algebra satisfying i? C Ci C Cl(i?) 
then every element of C\ belongs to C, since its complement in C\ is also 
its complement in 01(5). Thus, C\ C C, which proves Item (b) of Theorem 

4b6 Corollary. The following two conditions on a noise-type Boolean alge- 
bra B are equivalent: 

(a) C = Cl{B) (where C is the completion of B); 

(b) there exists a complete noise-type Boolean algebra J3 such that B C 

B. 

Proof, (a) =^ (b): the noise- type Boolean algebra C = C\{B) is closed; 
by f l3aip it is (T-complete (recall Sect. [21]); by fl4a2p it is complete. 

(b) =^ (a): Given x G Cl{B), we take Xn E B such that x = liminf„Xn 
(recall fl4a5p ): x G -B. The complement x' of x in i? belongs to CI (5), since 
(liminf„x„)' = limsup„x^ in B. Thus, x is complemented in Cl(i?), that is, 
xeC. □ 

5 Classicality and blackness 

5a Atomless algebras 

Recall Sect. [Tel 

5al Proposition. If B is atomless then for every f E H satisfying Qo/ = 
and £ > there exist n and xi, . . . , x„ G -B such that 

xiV---Vx„ = 1a and \\QxJ\\ < e, . . . ,\\QxJ\\ < e . 

The proof is given after three lemmas. 

5a2 Lemma. Let F C -B be a filter such that irdx^FX = Oa. Then 
mfxeF WQxfW = for all / G if satisfying Qof = 0. 
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Proof. Given such /, we denote c = inf^^p \\Qxf\\, assume that c > 
and seek a contradiction. 

We choose Xn & F such that xi > X2 > ■ ■ ■ and i c. Necessarily, 

Xnix for some x G A; by (]2b6p . Qx„ Qx, thus \\Qxf\\ = c. 

For arbitrary y e F we have ||QyQx„/|| > c (since Qj;Qx„ = QyAx„ by 
fl4a9p . and ?/ A x„ G F), therefore ||<5j,Qa;/|| > c = HQx/ll, which imphes 
QyQJ = QJ, that is, Qxf G if, for all y E F. By^ H.gF = ^o- We 
get Qa;/ G ifo, QoQxf = and ||(5x-/|| 7^ 0; a contradiction. □ 

5a3 Lemma. Let a function m : 5 — t- [0, oo) satisfy m(x V ?/) + m{x Ay) > 
m{x) + for all x,y G 5, and ^(Oa) = 0. Then the following two 

conditions on m are equivalent: 

(a) for every e > there exist n and xi, . . . ,Xn E B such that a;i V ■ ■ ■ V 
Xn = 1a and m{xi) <£,..., m(a;„) < e; 

(b) infxfzF mix) = for every ultrafilter F d B. 

Proof, (a) =^ (b): the ultrafilter must contain at least one Xk-, thus 
inf2,g^m(x) < e for every e. 

(b) =^ (a): we assume that (a) is violated and prove that (b) is violated. 

Note that m{x V y) > m{x) + m{y) > m(a;) whenever x A y = Oa, and 
therefore m{x) > m{y) whenever x > y. 

We define 7 : -B — )■ [0, oo) by 

7(x) = inf max( m{x i), ... ,m{xn)) , 

a;iV---Vx„=x 

the infimum being taken over all n and all xi, . . . , G i? such that xi V ■ ■ ■ V 
Xn = X. We denote c = 7(1a) and note that c > (since (a) is violated). 
Clearly, 7(x) < m(x), and 7(x y y) = max (7 (x), 7(1/)) for all x,y E B. 

Claim: for every x E B and e > there exists y E B such that y < x 
and 7(x) = 7(?/) < m{y) < 7(x) + £. Proof: take Xi,...,x„ such that 
xi V ■ ■ ■ V x„ = X and max/- m{xk) < 7(a;) + e; note that 7(x) = max^ 7(xfc), 
choose k such that 7(x) = 7(xa;), then y = Xk fits. 

Iterating the transition from x to ?/ we construct Xq, Xi, X2, ■ ■ ■ G B such 
that 1a = 2^0 > 2^1 > > • • • , '~i{xn) = c for all n, and m(x„) J, c as n — )■ 00. 

We introduce 

F = {y E B : limm(x„ A y) > c} = {y E B : m{xn Ay) I c} 

n 

and note that iniy^p fn{y) > c > (just because m{y) > m{xn A y)). It is 
sufficient to prove that F is an ultrafilter. 

If y E F and y < z then z E F (just because m(x„ Ay) < m{xn A z)). 
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If y, z E F then m(a;„) > m((a;„ A y) V (a;„ A z)) > m(x„ A + m(x„ A 
2;) — m((a;„ Ay) A (x„ A z)) , therefore hm„ m(a;„ Ay A z) > hm„ m(xn A y) + 
hm„m(x„ A 2;) — hm„m(x„) = c, thus y A z E F. We conclude that F is a 
filter. 

For arbitrary y G B we have c = 7(a;„) < max(m(x„ A y),m{xn A y')) 
for all n, thus, c < lim„ max(m(x„ A y),m{xn A y')) = max(lim„ m(x„ A 
?/), lim„ m(x„ Ay')), which shows that y ^ F =^ y' G F. We conclude that 
F is an ultrafilter, which completes the proof. □ 

5a4 Lemma. + Qy < Qxvy + QxAy for all x,y e B. 

Proof. By fl4a4l) . Qx and Qy are commuting projections, which implies 
Qx + Qy = Qx^ Qy + QxAQy, where Qx^Qy and QxAQy are projections onto 
QxH + QyH and QxH fl QyH respectively. Using fl4a9l) . Qx AQy = QxQy = 
QxAy It remains to note that Qx V Qy < Qxvy just because Qx < Qxvy and 

Qy ^ QxVy n 

Taking into account that HQxV^P = {Qx4',4') we get 

(5a5) WQxfW + IIQjf < llg.vjf + WQxAyfW 

for all x,y E B and f & H. Thus, the function m : x ^ \\Qxf\\^ satisfies the 
condition m{x V ?/) + m{x Ay) > m{x) + m{y) of I5a3j the other condition, 
^(Oa) = 0, is also satisfied if Qof = 0. 

Proof of Proposition I5al[ Let f e H, Qof = 0. Bv l5a2[ inf^giT' \\Qxf\\ = 
for every ultrafilter F C -B. It remains to apply ISaSl to m : x ^ WQxfW^- n 



5b The first chaos; proving Proposition Ild4 



Let C be the completion of B (see Def. lldSp . Recall the first chaos space 
C H (Def. [112]). 

5bl Lemma. The following three conditions on f E H are equivalent: 

(a) / G H^^\B), that is, f = Qxf + Qx'f for all x e B; 

(b) Qxvyf = Qxf + Qyf for all x,y e B satisfying x Ay = 0a; 

(c) Qxvyf + QxAyf = Qxf + Qyf foT all x,y E B, and Qof = 0. 

Proof. Condition (a) for x = Oa gives / = Qof + f, that is, Qof = 0. 
Condition (b) for x = ?/ = Oa gives Qof = Qof + Qof, that is, Qof = 
(again). Condition (c) requires Qof = explicitly. Thus, we restrict 
ourselves to / satisfying Qof = 0. 

Clearly, (c) =^ (b) =^ (a); we'll prove that (a) =^ (b) =^ (c). Recall 

(I4a9l) : QxQy = QxAy 
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(a) =^ (b): If a; Ay = Oa then Q^^yf = QxvyiQxf + Qx'f ) = QxvyQxf + 

QxS/yQx' f = Q(x\/y)Axf + Q{xWy)Ax' f = Qxf + Qyf. 

(b) =^ (c): we apply (b) twice; first, to x and x' A y, getting Qxvyf = 
Qxf + Qx'Ayf, and second, toxAy and x' Ay, getting Qyf = QxAyf + Qx'Ayf- 
It remains to eliminate Qx'Ayf ■ D 

Proof of Proposition Ild4[ It is sufficient to prove that H^'^\B) = 
H^^\C). The inclusion H^^\B) D H^^\C) follows readily from the inclusion 
B C C. We have to prove that H^^\B) C H^^\C). Let / G H^^\B). By 
I5bl| Qof = and Qxvyf + QxAyf = Qxf + Qyf for all x,y e B; it is sufficient 
to extend this equality to all x,y E C. We do it in two steps: first, we extend 
it to a; G -B, y G C by separate continuity in y for fixed x; and second, we 
extend it to x, ?/ G C by separate continuity in x for fixed y. The separate 
continuity of a; V |/ is ensured by I4b3[ Continuity of a; A y is ensured by 
fHaTTD . □ 

From now on we often abbreviate H^-^\B) to H^^\ 

The space H^^^ is invariant under projections Qx for x E B and moreover, 
for X G Cl(-B) (since for / G H^^\ x G Cl{B) and g = Qxf we have, using 
(|4a7|), Qj^^f + Qyfif = {Qy + Qy')Qxf = Qx{Qy + Qy')f = Qxf = 9 for all 
y E B). We denote the restriction of Qx to if*-^^ by qI^^; using f l4a9p and lSbll 
we have for all x,y E B 

(5b2) Q« : i/W ^ ; Qi^V = Q./; Q^'^ = , Q? = I ; 



(5b3) Q^xAy — Qx ^Qy ) 

(5b4) Q% + qS, = QW + g« ; 

(5b5) Qi\)j^ = + Qj,^) whenever a; A ?/ = Oa ; 

(5b6) g« + g« = I ; 



here / is the identity operator on H^^^ . 

5c Sufficient subalgebras; proving Theorem Ile2l 

5cl Lemma. The following two conditions on a; G -B and f E H are equiv- 
alent: 

(a) / = Qxf + Qx'f] 

(b) E / = 0, and E {fgh) = for all g E Hx, h E Hx' satisfying E^ = 0, 
Eh = 0. 

Proof. Treating H as Hx ® Hx' according to 12c II we have H = [{Hx 
Ho) © Ho) O {{Hx' e Ho) © ifo) = (i^r. © Ho) © (if^' © Ho) © (i/^ © i^o) © 
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Hq(BHq^ {H.J.I Hq) © iJo ® Hq] here Hq is the orthogonal complement 
of Hq in Hx (it consists of all zero- mean functions of Hr^). In this notation 
Q. + Qx' becomes / Q^"'^ + qJ,"^ / = ((/ - Q^")) + Q^,")) Q^^'^ + gj,") 

= (/-Qf^)®gi^Vgr^0(/-gr)+2gi^^®Qr,the 

projection onto {H^ i^o) -ff o © -f^o ® (-f^x' -f^o) plus twice the projection 
onto Hq®Hq (= Hq). Thus, the equality / = {Qx + Qx')f (Item (a)) becomes 
/ G (-ff^: Hq) ® Hq ® Hq ® {H^/ i^o); OT cquivalently, orthogonality of / 
to Hq and {H^ Hq) (if^./ i^o), which is Item (b). □ 

5c2 Remark. The proof given above shows also that 

{feH:f = QJ + Qx'f} = {Hx Hq) {H,' Hq) 

for all X E B. 

Let i?o C -B be a noise-type subalgebra, and / G H^^\Bq). We say that 
/ is So-atomless, if for every e > there exist n and xi, . . . G -Bq such 
that xi V ■ ■ • V x„ = 1a and ||gxi/|| <£,•••, ||Qx'„/|| < £■ 
5c3 Proposition. If / G H^^\Bq) is 5o-atomless then / G H^^\B). 

Proof. Given x E B, we have to prove that / = Qxf + Qx'f- Let 
(7 G Hx Q Hq, h G Hx> Q Hq] by Lemma I5cll it is sufficient to prove that 
Eifgh) = 0. 

Given e > 0, we take . . . , ?/„ in Bq such that V ■ ■ ■ V ?/„ = 1a, 
HQ?;, /II < £ for all 2, and in addition, i/i A ?/j = Oa whenever i j. We 
have / = E^QyJ by HbH thus, E{fgh) = {iQyJ)gh) . Further, 

Ei{QyJ)gh) = {QyJ,g®h) = {QyJ\QyX9®h)) = {QyJ, (glf 0gif^)(^?0 
h)) = {QyJ', {Qu}g) (gl"!" ^/i)), where Ui = yiAx and Vi = yiAx'; it follows 

that |E (/^?/i)| < IIQ^JIMIQif ^?IMIQif /^ll- By dSis]), WQifgW < 

and EJIQif /^IP < \\hr. We get |E(/^/i)| < (max, i|g,J||) (E. IIQlf ^?|| ■ 
WQ^hW) <£||(7||||/i|| for all £. □ 

Proof of Theorem Ile2[ Given an atomless noise-type subalgebra Bq c 
B, we have to prove that H^^\Bq) C H^^\B). Applying Proposition I5all to 
Bq we see that every / G H^^\Bq) is 5o-atomless. By EMI / G H^^\B). □ 



6 The easy part of Theorem Ilc2 



6a From (a) to (b) 

In this subsection we assume that B is a classical noise-type Boolean al- 
gebra and prove that its completion, C, is equal to its closure, Cl(i?); in 
combination with I4b6l it gives the implication (a) =^ (b) of Theorem Ilc2[ 
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The first chaos space H^^^ is invariant under Q^. for x E B and moreover, 
for X G C\{B), as noted in Sect. [5bl We denote by Down(x), for x G C\{B), 
the restriction of Qx to H^^^ (treated as an operator 

HW ^ //(i))^ recall 

Sect. [5b] and note that 

(6al) Down(x) : H^^^ H^^^ , Down(a;)/ = Q^f for x G C\{B) ; 

(6a2) Down(a;) = for x G 5; 

(6a3) Down(x) + Down(x') = / for x E B ; 

(6a4) X <y implies Down(x) < Down(y) for x,y E C\{B) . 

We denote by Q the closure of {Down(x) : x G B} in the strong oper- 
ator topology; Q is a closed set of commuting projections on H^^^; we have 
Down(x) G Q for x E B, and by continuity for x E Cl{B) as well. 

Note that g G Q implies I — q E Q (since Down(x„) — > q implies 
Down«) / - g by 

For g G Q we define Up(g) = a{qH^^^) E A (the cx-field generated by qf 
for all / G H^^^) and note that 

(6a5) qi < q2 implies Up(gi) < Up(g2) ; 

(6a6) Up(g) V Up(/ - q) = U ioi q E Q ; 

in general, Up(g) V Up(/ - q) = (r{H'^^'>), since qH^^'> + (/ - q)H^^'> = H^^^; 
and the equality a{H^^^) = 1\ is the classicality (Def. Ila3l) . 

6a7 Lemma. Up(g) and Up(/ — q) are independent (for each g G Q). 

Proof. We take Xn E B such that Down(x„) — )• g, then Down(x^) — )■ 
I — q. We have to prove that a{qH^^^) and a{{I — q)H^^^) are independent, 
that is, two random vectors (g/i, . . . , qfk) and ((/ — q)gi, — q)gi) are 

independent for all k,l and all fi, . . . , fk, gi, . . . , gi E H^^\ It follows by 
fl2cl0p from the similar claim for Down(a;„) in place of g. □ 

6a8 Lemma. Up(Down(a;)) = x for every x E B. 

Proof. Denote g = Down(x), then Down(x') = / — g by f l6a3l) . We 
have Up(g) < x (since qf = Q^f is x-measurable for / G H^^"*); similarly, 
Up(/-g) < x'. By §^ and ([M]), Up(g) = (Up(g) VUp(/-g)) Aa; = x. □ 

6a9 Lemma. If g, gi, g2, ■ ■ ■ G Q satisfy g„ t Q then Up(gn) t Up(g). 

Proof. g„i7(^) t implies a(g„i7(i)) t (y{qH^^'^). □ 

6al0 Lemma. If g, gi, g2, ■ ■ " ^ Q satisfy qn i q then Up(g„) \. Up(g). 
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Proof. We have Up(g„) 4 x for some x G A, x > Up(g). By \<6al\ Up(g„) 
and Up(J — g„) are independent; thus, x and Up(/ — g„) are independent 
for all n. By I6a9[ Up(/ — qn) t Up(/ — q). Therefore x and Up(/ — q) are 
independent. By fl6a6p and fl2c8p . Up(g) = (Up(g) V Up(/ - g)) A x = x. □ 

Now we prove that C = Cl{B). By fl4a5l) . every x G Cl(-B) is of the form 
X = lim inf Xn = sup inf Xn+k 

for some x„ G 5. It follows that Down(x) = liminf„ Down(x„); by l6a9t[Bal0l 
Up(Down(x)) = liminf„ Up(Down(x„)); using [6a8l we get Up(Down(x)) = 
lim inf „ x^ = x. 

On the other hand, / — Down(x) = limsup„(/ — Down(x„)) = 
lim sup„ Down (x^) by fl6a3l) . thus the element y = Up(/ — Down(x)) satisfies 
(by I6a9l I6al0l and I6a8l again) y = limsup^ Up(Down(x^)) = limsup^x^ G 
C\{B). 

Bv l6a7[ X and y are independent. By fl6a6p . xVy = 1a- Therefore, y is the 
complement of x in Cl(-B), and we conclude that x G C. Thus, C = Cl(-B). 

6b From (b) to (c) 

As before, C stands for the completion of B. Let x G C\{B) be such that 
Xnt^ foi' some Xn G B. 

6bl Proposition. The following five conditions on x are equivalent. 

(a) X G C; 

(b) X V lim„ x'n = 1a for some Xn & B satisfying x„ t 

(c) X V lim„ x'n = 1a for all Xn ^ B satisfying x„ t 

(d) limmlim„(xm V x^) = 1a for some x„ G -B satisfying x„ t 

(e) lim^ lim„(xm V x'„) = 1a for all Xn & B satisfying x„ t 

6b2 Lemma. (sup.„ x„) A (inf„ x^) = Oa for every increasing sequence (x„)„ 
of elements of B. 

Proof. Note that x^ A (inf„x^) < x^ A x^ = Oa and use (I4alip . □ 

Proof of Proposition I6bl[ (c) =^ (b): trivial. 

(b) =^ (a): bv I6b2| xAlim„x^ = Oa, thus, x has the complement lim„x[j 
and therefore belongs to C. 

(a) =^ (c): if Xn t ^ then (taking complements in the Boolean algebra 
C) x'^ > x', therefore lim„ x^ > x' and x V lim„ x^ > x V x' = 1a- 

We see that (a) <^==^ (b) <^=^ (c); Lemma [6b3] below gives (b) <^=^ (d) 
and (c) (e). □ 
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6b3 Lemma. For every increasing sequence {xn)n of elements of B, 
(limXn) V (limx^) = limlim(a;m V x^) . 

n n m n 

Proof. Denote for convenience y = lim„x„ and z = lim„xjj. We have 
x'n < n > m. Applying Theorem [3d2]to the pairs {xm, x'^) G Ax^xA^/^ 

for a fixed m and all n > m we get Xm V — Xm V 2; as n — )■ oo. Further, 

A 2; < Xm A = for all m; by fl4alip . y Az = 0, and by f l4alOp . y and z 
are independent. Applying Theorem I3d2l (again) to {xm, z)EAyX A^ we get 
XmVz— )-?/Vzasm— T-oo. Finally, lim^ lim„(xm, V x^) = limm(xm V z) = 
2/ V z = (lim„x„) V (lim„x^). □ 

By I4b6t Condition (b) of Theorem Ilc2l is equivalent to C = Cl{B). If it 
is satisfied then 16b II gives (sup„ x„) V (inf^x^) = 1a for all Xn E B such that 
Xi < X2 < ■ ■ ■ , which is Condition (c) of Theorem Ilc2[ 



7 The difficult part of Theorem Ilc2 

The proof of the implication (c) =^ (a) of Theorem Ilc2[ given in this section, 
is a remake of [T71 Sect. 6c/6.3]. In both cases spectrum is crucial. The 
one- dimensional framework used in [17] leads to "spectral sets" — random 
compact subsets of the parameter space R. The Boolean framework used 
here, being free of any parameter space, leads to a more abstract "spectral 
space" (see Sect. iTbl) . The number of points in a spectral set, used in [T7] . 
becomes here a special function (denoted by K in Sect. [7d|) on the spectral 
space. 



7a A random supremum 

By I6bll Condition (c) of Theorem Ilc2l may be reformulated as follows: 
(7al) supXn G C for all x„ G B such that Xi < X2 < . . . 

n 

or equivalently, 

(7a2) limlim(xi V ■ ■ ■ V Xm V (xi V ■ ■ ■ Vxn)') = 1 for all x„ G 5 . 

m n 

In order to effectively use this condition we choose a sequence (x„)„, 
x„ G B, whose supremum is unlike to belong to C. Ultimately it will be 
proved that sup„ x„ G C only if B is classical. 
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However, we do not construct explicitly. Instead we use probabilis- 

tic method: construct a random sequence that has the needed property with 
a non-zero probability. 

Our noise-type Boolean algebra B consists of sub-a-fields on a probabil- 
ity space {Q,J^,P). However, randomness of Xn does not mean that x„ is 
a function on Q. Another probability space, unrelated to P), is in- 

volved. It may be thought of as the space of sequences (x„)„, endowed with 
a probability measure described below. 

Often, "measure on a Boolean algebra b" stands for an additive function 
b — 7- [0, cxd). However, the distribution of a random element of b (assuming 
that b is finite) is rather a probability measure u on the set of all elements of 
b, that is, an additive function z/ : 2^ — )■ [0, oo), i>{b) = 1. It boils down to a 
function b — )■ [0,oo), x i— )■ z/({x}), such that '^^Gb^d^}) ~ ^■ 

Given a finite Boolean algebra b and a number p G (0, 1), we introduce a 
probability measure Ub^p on the set of elements of b by 

(7a3) z/b,p({ai, V---VaiJ) =/(l-p)"-'= for 1 < h <■■■< ik < n 

(using the notation of fl2ell) ). That is, each atom is included with probability 
p, independently of others. 

Given finite Boolean subalgebras 6i C 62 C ■ ■ ■ C -B and numbers 
Pi,P2,--- G (0,1), we consider probability measures z/„ = i'b„,pn their 
product, the probability measure u = ui x i>2 x . . . on the set 61 x 62 x • • • 
of sequences (x„)„, Xn € We note that sup„a:;„ G Cl(i?) for all such 
sequences and ask, whether or not 

(7a4) sup Xn & C for i/-almost all sequences (x„)„ , 

n 

or equivalently, 

(7a5) limlim(xi V ■ ■ ■ V V (xi V ■ ■ ■ V x„,)') = 1a 

m n 

for zz-almost all sequences (x„)„ . 

7a6 Proposition. If fl7a5l) holds for all such 61, 62, • • • and pi,p2, ■ ■ ■ then 
B is classical. 

In order to prove the implication (c) =^ (a) of Theorem I lc2 1 it is sufficient 
to prove Proposition I7a6[ To this end we need spectral theory. 

7b Spectrum as a measure class factorization 

The projections Qx for x G Cl(i?) commute by fl4a7l) . and generate a com- 
mutative von Neumann algebra A. Sect. [2d] gives us a measure class space 
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(S*, S, A^) and an isomorphism 

(7bl) a: L^{S,J:,M). 

We call {S, S, A^) (endowed with a) the spectral space of B. Projections 
turn into indicators: 

(7b2) a{Q,) = ls^, S.,e^ for a; €01(5) 

(of course, is an equivalence class rather than a set); f l4a9p gives 

(7b3) S^nSy = S^/^y for x,y e C\{B) . 

(In contrast, the evident inclusion U Sy C Sx\/y is generally strict.) 
Claim: 

(7b4) Xn i X implies Sx^ i ; also Xnt^ implies Sx„ t Sx 

here x,xi,X2, ■ ■ ■ G Cl(-B). Proof: let x„ J, x, then Qa;^ I Qx, thus a((5a:„) i 
c^iQx) by ( ]2d2|) . which means Sx„ i Sx] the case t ^ is similar. 

The subspaces if^. = QxH C if for x G 01(5) are a special case of the 
subspaces HiE) = a'\lE)H C if for 5 G S (recall (l2dT2|) ): by f l7b2|) . 

(7b5) ii(^^) = Hx for x G C\{B) . 

Every subset of B leads to a subalgebra of A. In particular, for every 
X G -B we introduce the von Neumann algebra 
(7b6) 

Ax C A generated by {Qy : y E B, x\/ y = 1\} = {Quvx' : u E B, u < x} 

and the a-field C S such that 

(7b7) a{Ax) = L^{^x) ioTxeB 

(see[2d6]). Note that 

(7b8) X < y implies Ax C Ay and I^x C T,y foi x,y E B . 

Recall IMl Qu^ : Hx ^ Hx for u < x, and [2^ given independent x,y, 
treating Hx\yy as Hx ® -fij; we have Qu\/v = QtT'' ® QI^'' for all m < x, f < y. 
Introducing von Neumann algebras A^^^ of operators on Hx, 

(7b9) generated by {QI^'> : n G 5, u < x} , 
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we get 

(7bl0) A^^'^'y^ = ® A'^y^ whenever x Ay = 0, x,y e B . 

In the case y = x', treating H as ® H^' we have 

(Tbll) A = ® , and Ax = A^""^ ® / for a; G 

(for the latter, fix v = x') , — a natural isomorphism between Ax and A^^\ 
Thus, = Loo(S^.)> = i^oo(S^.') and ® ^(^■')) = 

Loo(S). Bv [2dTn for all x e B, 

(7bl2) Sa, and S^/ are A^-independent, 

(7bl3) V S^, = S . 

7bl4 Remark. The closure of B determines uniquely the algebra A and 
therefore also the spectral space. 



7c Restriction to a sub-cr-field 



As was noted in Sect. [3dl for an arbitrary x G A the triple (fi, x, P\x) is also 
a probability space, and its lattice of cr-fields is naturally embedded into A: 

A(n, X, P\x) = Ax = {y e A:y <x} c A. 

Dealing with a noise-type Boolean algebra B G A over {Q, J-", P) we introduce 

5^. = 5 n A^ = {m G 5 : M < x} C 5 for X G 5 

and note that 

Bx C Ax is a noise-type Boolean algebra over {Q, x, P\x) ; 

thus, notions introduced for B have their counterparts for Bx- We mark 
them by the left index x. Some of these counterparts were used in previous 
(sub) sections: for x E B, 



xH = Hx ; 

xQu = Q^u^ for ueBx] 
A — /l^""') • 

X-^ 1 

xS = S ; x^ — ! 

: ^(^^ -> Loo(S^) , :,a(A) = a(A® J) 
xiSu = Suvx' for u £ -Bz ; 

^^(1) = ^(1) n . 



see I2a3l 
see [2^ 
see fl7b9|l 
see flTbT]) 
see flTbTTj) 
see fl7b2|) 
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the last line follows easily from ISblj the next to the last line holds, since 
-:,a{^Qu) = a{Q^u^ ® /) = a{Q^u^ Q^x'^) = C({Quvx')- The counterpart of 
H{E) = a-^{lE)H for E G S is xH{E) = ^a-i(]l£;)if^ for E G S^. 

7cl Lemma. For every x E B, treating H as Hx^H^' we have H[Er\F) = 
ixH{E)) ® ix'H{F)) for all E G S,, F G S,,. 

Proof. We take A e A^''\ B e A^""'^ such that a{A O J) = 1e, a{I O 
B) = If, then a{A ® B) = Ie^^^f = llsnF and H{E n F) = (A ® B){Hx ® 
Hx') = (AHx) ® {BHx') = ixH{E)) ® ix'H{F)). □ 



7d Classicality via spectrum 

Let 6 C -B be a finite Boolean subalgebra. For every s G S* the set {x G 
b : s E Sx} is a filter on b due to fl7b3l) : like every filter on a finite Boolean 
algebra, it is generated by some Xb{s) G b: 

(7dl) Vx G 6 (s G X > Xbis)) . 

Like every element of b, xi,{s) is the union of some of the atoms of b (recall 
fl2e2p ): the number of these atoms will be denoted by Kh{s): 

Kb{s) = |{a G Atoms(6) : a < Xb{s)} \ . 

For two finite Boolean subalgebras, 

(7d2) if 6i C 62 then Kb,{-) < Kb^i-) and Xb,{s) > Xb^{s) . 

Each Kb is an equivalence class (rather than a function), and the set of all 
b need not be countable. We take supremum in the complete lattice of all 
equivalence classes of measurable functions S — > [0, +00] (recall Sect. l2fj) : 

(7d3) K = snpKb, K : S ^ [0, +00] , 

b 

where b runs over all finite Boolean subalgebras b G B. 

7d4 Theorem. If K{-) < 00 almost everywhere then B is classical. 

We split this theorem in two propositions as follows. Recall that classi- 
cality is defined by Ila3l as the equality a(H^^^) = 1a. Introducing 

Ek = {seS : K{s) = k} and H^^^ = H{Ek) for A; = 0, 1, 2, . . . 

(recall (]2dl2|) ) we reformulate the condition K{-) < 00 as S = ^kEk and 
further, by f l2dT3|) . as H = ®kH^^\ For = 1 the new notation conforms to 
the old one in the following sense. 
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7d5 Proposition. H[Ei) is equal to tlie first cliaos space H^^'^ (defined by 

Em. 

7d6 Proposition. a{H^''^) C a{H^^^) for all A; = 2, 3, . . . 

If if = ®kH^^^ then U = sup^ a(i/('=)) = a{H^^^). We see that Theorem 
I7d4l follows from Propositions I7d5| I7d6[ 

The proof of Proposition I7d5l is given after three lemmas. 

We introduce minimal nontrivial finite Boolean subalgebras = {0, x, x', 1} 
for X G -B. 

7d7 Lemma. For every x E B, 

{feH:f = QJ + Q^,f} = H{{s : K.^s) = 1}) . 

Proof, {s : K,^{s) = 1} = {s : < 1} \ : = 0} = 

{S^ U S^>) \So = {S^ \ So) W {S,^> \ So) (since S^ n S.^> = So), thus H{{s : 
KbAs) = 1}) = H{S, \ So) © His,, \ So) = {H, e Ho) © {H,, © Ho); use 
15^ □ 

7d8 Lemma. Assume that 61,62 C -B are finite Boolean subalgebras, and 
b G B is the (finite by I2e3p Boolean subalgebra generated by 61, 62- Then 

{s : Kb,{s) <l}n{s: Kb,{s) < 1} C {s : Kb{s) < 1} . 

Proof. If Ki,^{s) < 1, Kb^i-s) < 1 and s ^ So then Xbi{s) G Atoms(6i), 
2:62(5) G Atoms(62), thus x;,(s) < Xb-^{s) Axb^is) G Atoms(6) bv I2e3[ therefore 
Kbis) < 1. □ 

7d9 Lemma, {s : ir(s) < 1} = inf:,.eB{s : Kfe,(s) < 1}, and {s : if(s) = 
1} = inf^-gfils : Kb^{s) = 1} (the infimum of equivalence classes). 

Proof. Every finite Boolean subalgebra b is generated by the Boolean 
subalgebras b, for x E b; bv I7d8| {s : Kb{s) < 1} D fli^efei'^ • ^b^i^) — ^l' 
the infimum over all b gives {s : K{s) < 1} D infj-g^js : Kb^{s) < 1}. The 
converse inclusion being trivial, we get the first equality. The second equality 
follows, since the set {s : Kb{s) = 0} is equal to 5*0, irrespective of b. □ 

Proof of Proposition I7d5[ It follows from the second equality of l7d9t 
using dM]), that H{Ei) = f]^^j,H{{s : Kb^is) = 1}). Using [Ml we get 
^(^1) = n^^Bif eH:f = QJ + Q,,f} = H(^\ □ 
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In order to prove Theorem I7d4l it remains to prove Proposition I7d6[ 
We have K introduced for B by fl7d3|) . but also for we have ^K, the 
counterpart of K in the sense of Sect. [Tel 

xK = sup , xK : S' — > [0, oo] for x G -B , 

6 

where b runs over all finite Boolean subalgebras b G B^; xK is an equivalence 
class of Sa;-measurable functions S ^ [0, oo]. 

7dl0 Lemma. xvyK = xK + yK for all x,y E B such that x Ay = Oa- 

Proof. When calculating xvyK we may restrict ourselves to finite sub- 
algebras b C Bxvy that contain x and y (recall (]7d2|) ). Each such b may 
be thought of as a pair of bi C Bx and 62 C By. We have Atoms (6) = 
Atoms(6i) l±l Atoms(62), Xb{s) = Xb^{s) V Xb2{s) (recall that xSu = Suvx' for 
u < x), thus xvyKb = xKbi + yKb^', take the supremum in 61, 62- CH 

7dll Lemma, {s E S : K{s) = 2} = sup^.gs{s E S : xKis) = x'K{s) = 1} 
(the supremum of equivalence classes). 

Proof. The "d" inclusion follows from fl7dlOI) : it is sufficient to prove 
that {s E S : K{s) = 2} C Ux&,ub2U...{s G S : xK{s) = x'K{s) = 1} if 
61 C 62 C . . . satisfy Kb„ t ^• 

Given s such that -ft'(s) = 2, we take n such that Kb,X^) = 2, that is, 
Xb„{s) contains exactly two atoms of 6„. We choose x E bn that contains 
exactly one of these two atoms; then xKb„{s) = x'Kb„{s) = 1, therefore 
xK{s) = x'K{s) = 1, since 1 = xKb„is) < xK{s) = K(s) - ,.if(s) < 
2-x'Kb„{s) = l. □ 

We use the counterpart (in the sense of Sect. [7c]) of Proposition I7d5[ 

xH{xEi) = xH^^\ that is, for every x E B, 

(7dl2) xH{{s E S : xK{s) = 1}) = H'^'^ n Hx . 

Proof of Proposition l7d6l for k = 2. It follows from [TdTT] and (]2f2p 
that H^"^^ is generated (as a closed linear subspace of H) by the union, over 
all X G -B, of the subspaces H(^{s E S : xK{s) = x'K{s) = !})• In order to 
get a (if (2)) ^ a{H^^^) it is sufficient to prove that 

(7dl3) a{H{{s E S : xK{s) = x'K{s) = 1})) C a(ijW) for al\ x E B . 

By dMl) and ([7dT2D . G S : xK{s) = x'K{s) = 1}) = xH{{s E S : 

xK{s) = 1}) ® G 5 : ,,ir(s) = 1}) = {Hx n ® (if,, n 

which implies fl7dl3l) . □ 
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The proof of Proposition I7d6l for higher k is similar. Lemma I7dlll is 
generahzed to 

{seS: K{s) = k} = sup{s G S : ^K{s) = k - 1, ^.K{s) = 1} , 

and (l7dT3l) — to 

a{H{{s e S : ^K{s) = k-l, ^,K{s) = 1})) C a{H^''-^'> U //W) . 

Thus, C (T(iJ(^-i) U By induction in k, a(ffW) C (T(i/(^)), 

which completes the proof of Proposition I7d6l and Theorem I7d4[ 

7e Finishing the proof 

Tel Proposition. If fl7a5p holds for all 6i C 62 C . . . and Pi,P2, ■ ■ ■ G (0, 1) 
then K{-) < 00 almost everywhere. 

By Theorem I7d4l in order to prove Proposition I7a6l it is sufficient to prove 
Proposition I7el[ 

The relation limmlim„(?/m V y'^) = 1a for ?/i < 7/2 < • • • (appearing in 
fl7a5l) with = xi V ■ ■ • V x„) may be reformulated in spectral terms using 
(]7b4|) : it turns into Um n„ Sy^^yyi^ = S, in other words, almost every s & S 



satisfies 3m'in s G Sy^^yyi^. Accordingly, fl7a5p may be rewritten as follows: 

(7e2) for //-almost all sequences (x„)„ , for almost all s G S", 

3m Vra s G Sxiv---vxmV{xiv---vx„y ■ 

We choose pi,p2, ■ ■ ■ G (0, 1) and ci, C2, ■ ■ ■ G {1, 2, 3, ... } such that 
(7e3) 5^Pn<l, 

n 

(7e4) (1 - pn)"^" ^- as n 00 . 

We also choose finite Boolean subalgebras 61 C 62 C • ■ ■ C i? such that 
Kf,^ t K and introduce b = 6iU62U- ■ ■ C -B (a countable Boolean subalgebra). 
Claim: 

(7e5) xKb„ t xK for every x E b . 

Proof: > lim^^/Tft^ = lim„(Kb„ - x'K^^) > K - ^>K = ^K. Remark: for 
X G 6„, by x-K^f,„ we mean xKb„nB^- Thus, x-K^f,„ is well-defined for all n large 
enough, provided that x E b. 



39 



Using I2f3l we take rii < n2 < ■ ■ ■ such that for almost every s E S 

either xK(s) < oo , 
(7e6) ^ w ) 

or xKb„^ (s) > Cfc for all k large enough. 

These depend on x G 6. However, countably many x can be served by a 
single sequence {nk)k using the well-known diagonal argument. This way we 
ensure fl7e6p with a single {nk)k for all x E b. Now we rename into bk, 
discard a null set of bad points s & S and get 

either xK{s) < oo , 
or xKb^{s) > Cn for all n large enough 

for all X E b and s G S*; here "ra large enough" means n > UqIx, s). 

We recall the product measure z/ = z/i x z/2 x . . . introduced in Sect. [Talon 
the product set 61 x 62 x ... ; as before, z/„ = i'b„,pn- For notational convenience 
we treat the coordinate maps X„ : (61 X62 x . . . , i/) — )■ 6„, X2, . . . ) = Xn, 

as independent 6„- valued random variables; X„ is distributed Un, that is, 
P(X„ = x) = z/„({x}) for X G bn- We introduce 6„-valued random variables 

F„ = Xi V ■ ■ ■ V X„ . 

7e8 Lemma. P(y^is:(s) < 00) < pi + ■ ■ ■ + p„ for all s G 5* such that 
K{s) = 00 and all n. 

Proof. There exists a G Atoms(6„) such that aK{s) = 00 (since aK{s) 
K{s) = 00). We have y^K{s) < 00 ^> a < F„ ^» 3k e {I, . . . ,n} a < 
Xk, therefore P(y^,i^(s) < 00) < ELiP(« < ^fc) = ELiPfc- □ 

7e9 Lemma. If x G 6.m and s G S* satisfy ^-^'^(s) = 00 then 
P(V?2>m X„ AxAx6„(s) = Oa) = 0. 
Proof. For n > m, 

P (X, A X A XbAs) = Oa) = (1 - pny"""-^'^ , 

since x A Xb„(s) contains xKb„{s) atoms of bn- By fl7e7p . a;i^^b„(s) > c„ for all 
n large enough. Thus, P (X„ A x A Xf,,^ (s) = Oa) < (1 — Pn)'^" — )■ as n — )■ 00 
by dMD- □ 

7el0 Lemma. 

P [y^K{s) = 00 and \/n > m s G ) ~ ^ 

for all s G S* and m. 
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Proof. By ([TdT]), s e Sy^wy^ Y^yY^> for n> m. We 

have to prove that 

^{Y^ = y and > m V > = 

for every y G hm satisfying yK{s) = oo. By I7e9[ 

P(Vn > m XnAyAxb„{s) = Oa) = 0. 

It remains to note that y' V > Xb„{^) ^^=^ iv ^ ^n)' ^ ^bnl-^) ^^=^ 
A Yn) A X6„ (s) = Oa =^ 1/ A X„ A Xb„ (s) = Oa- □ 

Now we prove Proposition I7el[ We use fl7e2l) for 6i, 62, • • • and pi,p2, ■ ■ ■ 
satisfying ([M]), f lTel]) : 

almost surely, for almost all s G S*. In combination with I7el"0] it gives 

P(3m y4A'(s) < 00) = 1 
for almost all s G 5. On the other hand, bv I7e8l and fl7e3l) . 

P(3m Y^K{s) < 00) = limP(y^/s:(s) < 00) < pi + p2 + ■ ■ ■ < 1 

for all s G 5* such that K{s) = 00. Therefore K{s) < 00 for almost all s, 
which completes the proof of Proposition I7ell Proposition I7a6l and finally. 
Theorem Ilc2[ Theorem llcll follows immediately. 
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